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Key takeaways

Contrast with PM/scattering amplitudes:

‚ Perturbations of a Schwarzschild/Kerr background
ë involved Green’s functions, semi-analytics

‚ Non-perturbative results in the coupling constant G
ë GSF includes exact strong-field information

‚ No resort to point particles
ë no UV divergence, no regularization

Connection to observables and experiments:

‚ Gravitational waveforms available (quasicircular inspiral)

‚ GSF theory applies way beyond the natural regime ϵ ! 1
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The gravitational-wave spectrum



The gravitational-wave spectrum



LISA: a gravitational antenna in space

The LISA mission was officially adopted/approved
by ESA in 2024, with a launch planned for 2035

[www.lisamission.org]



LISA sources of gravitational waves

[LISA Collaboration, astro-ph.CO/2402.07571]



Extreme Mass Ratio Inspirals (EMRIs)

‚ LISA sensitive to M „ 105´107Md Ñ q ” M{m „ 103´106

‚ Torb 9M „ hr and Tinsp 9M2{m „ yrs Ñ Nband „ 105 cycles

(Credit: L. Barack)



EMRIs as probes of strong-field geometry

Assuming the central object is a Kerr black hole:

‚ Orbits are tri-periodic (1 rotation ` 2 librations)

‚ Orbits are ergodic (phase space-filling) in general

‚ Principal elements undergo conservative secular precession

‚ Principal elements drift under gravitational radiation-reaction



EMRIs as probes of strong-field geometry

Geodesy

Mℓ,m arbitrary

Botromeladesy

Mℓ,0 ` iSℓ,0 “ Mpiaqℓ

Objective: test the black hole no-hair theorem of GR



Parameter space of the 2-body problem

Gravitational self forceNumerical

Relativity

Post Newtonian theory
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Perturbation theory for comparable masses
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[Le Tiec, IJMPD 2014]



Perturbation theory for comparable masses

[van de Meent & Pfeiffer, PRL 2020]



Perturbation theory for comparable masses
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Gravitational self-force: A primer

Spacetime metric

g exact
αβ “ gαβ

` hαβ

Small parameter

ϵ ”
m

M
! 1

Gravitational self-force

9uα ” uβ∇βu
α “ f αrhs

m → 0

M

u


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Gravitational self-force: A primer

‚ Dissipative component ÐÑ gravitational-wave emission

‚ Conservative component ÐÑ secular precession effects

(Credit: A. Pound)



Matched asymptotic expansions

body zone

external universe

buffer
region

‚ Trajectory defined on background spacetime using a suitable
far-zone limit; constrained by matching near & far expansions

‚ No resort to point particles: notion derived rather than assumed
ë one can associate a worldline γ, four-velocity uα and mass m

(Credit: A. Pound)

[Mino, Sasaki & Tanaka, PRD 1997 | Poisson, LRR 2004 | Gralla & Wald, PRD 2008]



Post-geodesic equation of motion

Metric perturbation

hαβ “ hdirectαβ ` htailαβ

Tail contribution

htailαβ pxq “ m

ż τ´

´8

´

Gαβα1β1 ´ 1
2 gαβG

λ
λ α1β1

¯

px , zpτ 1qq uα
1

uβ
1

dτ 1

MiSaTaQuWa equation

9uα “
`

gαβ ` uαuβ
˘`

1
2∇βh

tail
ρσ ´ ∇ρh

tail
βσ

˘

|zpτq u
ρuσ

” f αrhtails

(Credit: A. Pound)

[Mino, Sasaki & Tanaka, PRD 1997 | Quinn & Wald, PRD 1997]
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Generalized equivalence principle

singular/self field

hS „ m{r

lhS „ ´16πT

f αrhS s “ 0

regular/residual field

hR „ htail ` local terms

lhR „ 0

9uα “ f αrhR s

self-accelerated motion in gαβ ðñ geodesic motion in gαβ ` hRαβ

(Credit: A. Pound)

[Detweiler & Whiting, PRD 2003 | Pound, PRD 2012 | Harte, FTP 2015]
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Einstein field equations

‚ Expand the exact metric about a given Kerr background gαβ:

g exact
αβ “ gαβ ` ϵ h

p1q

αβ ` ϵ2 h
p2q

αβ ` Opϵ3q

‚ Expand the Einstein tensor Gαβ and the energy-momentum
tensor Tαβ accordingly, and equate order by order in ϵ:

Opϵ0q : Gαβrg s “ 0

Opϵ1q : δGαβrhp1qs “ 8πT
p1q

αβ

Opϵ2q : δGαβrhp2qs
loooomoooon

9 lh
p2q

αβ`¨¨¨

“ 8πT
p2q

αβ ´ δ2Gαβrhp1q, hp1qs
looooooooomooooooooon

„m2{r4

‚ Failure of the point-particle description at second order in ϵ
ë decompose into puncture/residual fields: effective source
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Two-timescale expansion

‚ Separation of timescales during inspiral: Torb{Tr.r. „ ϵ ! 1

‚ Introduce a fast time t and a slow time t̃ ” ϵt, treated as
independent variables

‚ The angles/phases ψptq are fast variables and the actions
Jpt̃q are slow variables

‚ The two-timescale expansion of the metric then reads

g exact
αβ pt, x, ϵq “ gαβpxq`ϵh

p1q

αβ px, J,ψq`ϵ2h
p2q

αβ px, J,ψq`Opϵ3q

where h
pnq

αβ “
ÿ

k

h
pn,kq

αβ px, Jq
loooomoooon

slowly evolving
amplitude

ˆ e´ik¨ψ
loomoon

rapidly evolving
phase

[Hinderer & Flanagan, PRD 2008 | Miller & Pound, PRD 2021]
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Post-adiabatic orbit evolution

‚ The actions J and angles/phases ψ evolve according to

dJ

dt
“

ÿ

k

“

ϵGp1,kqpt̃q ` ϵ2Gp2,kqpt̃q ` Opϵ3q
‰

e´ik¨ψ

dψ

dt
“ ΩpJq “ Ωp0qpt̃q ` ϵΩp1qpt̃q ` Opϵ2q

‚ This implies the post-adiabatic phase evolution

ψptq “
1

ϵ

“

ψp0qpt̃q ` ϵψp1qpt̃q ` Opϵ2q
‰

Adiabatic (0PA)

‚ averaged first-order
dissipative self-force

Post-Adiabatic (1PA)

‚ oscillatory first-order dissipative
‚ complete first-order conservative
‚ averaged second-order dissipative

[Hinderer & Flanagan, PRD 2008 | Miller & Pound, PRD 2021]
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Other technical aspects not covered

‚ Use of near-identity transformation to remove fast oscillations

‚ Slow evolution of the BH mass Mpt̃q and spin Spt̃q at Opϵ2q

‚ Need to match to a post-Minkowskian expansion near I`

‚ Need to match to a near-horizon expansion near H`

‚ Transition to final plunge when two-timescale breaks down

‚ Transitions through orbital resonances for a Kerr background

‚ . . .
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Self-force along fixed geodesic orbits
Sample results for equatorial orbits in Kerr

[van de Meent, PRD 2016]



Orbital evolution via energy balance

‚ Bondi-Sachs mass-loss formula

dMB

du
“ ´Fpuq

‚ Gravitational binding energy

E ” MB ´ M ´ m

‚ Orbital frequency evolution

dΩ

dt
“ ´

FpΩq

E 1pΩq
` ¨ ¨ ¨

[Le Tiec, Blanchet & Whiting, PRD 2012]



Binding energy vs orbital frequency

First law

Second- order

0.00 0.05 0.10 0.15 0.20
- 0.06

- 0.05

- 0.04

- 0.03

- 0.02

- 0.01

0.00

y =(MBHΩ)
2/3

(y
)

in
ne
rm
os
t
st
ab
le

ci
rc
ul
ar
or
bi
t

●●
●●●●●●

●
●

●
●

●
●●

●

●●●● ▼▼▼▼▼▼▼
▼▼▼▼▼▼▼▼▼▼

▼
▼

▼

● |E - EFL|

▼ Estimated error

in EGSF

0.02 0.05 0.1 0.2

10- 5

10- 4

10- 3

E
G
S
F

GSF

[Le Tiec, Buonanno & Barausse, PRL 2012 | Pound, Wardell, Warburton & Miller, PRL 2019]



GW energy flux vs orbital frequency
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Post-adiabatic gravitational waveforms
Nonspinning binaries on quasicircular orbits
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Post-adiabatic gravitational waveforms
Accumulated dephasing
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Post-adiabatic gravitational waveforms
Mode waveform amplitudes

10

[Wardell, Pound, Warburton, Miller, Durkan & Le Tiec, PRL 2023]



Post-adiabatic gravitational waveforms
Nonprecessing, spinning binaries on quasicircular orbits

[Mathews, Wardell, Pound & Warburton, gr-qc/2510.16113]



Progress and challenges

Background 
Spacetime

Orbital
Configuration

Adiabatic Post-1-adiabatic

1SF 
 (Dissipative)

1SF 
(Conservative)

2SF  
(Dissipative)

Spin Effects 
(Conservative)

Spin Effects 
(Dissipative)

Schwarzschild
Circular ✓✓✓ ✓✓✓ ✓✓✓ ✓✓✓ ✓✓✓

Eccentric ✓✓✓ ✓✓✓ ✗ ✓✓ , ✓✓✓* ✓, ✓✓*

Kerr

Circular ✓✓✓ ✓✓ ✗ ✓,✓✓* ✓✓✓*

Eccentric Equatorial ✓✓✓ ✓✓ ✗ ✓,✓✓* ✓✓*

Generic ✓✓✓ ✓ ✗ ✓ ✓*

Resonances ✓✓✓ ✓ ✗ ✗ ✗

  ✓✓✓ Evolving Waveform          ✓✓ Driven Inspiral           ✓ Snapshot Calculation          *(Anti-)Aligned Spin Only      

‚ Generic bound orbits in Kerr

‚ Transition accross resonances

‚ Inclusion of the final plunge

‚ Scattering orbits

‚ Environmental effects

‚ Beyond general relativity

[LISA Consortium Waveform Working Group, LRR 2025]



Capra Meetings on Radiation Reaction

[www.caprameeting.org]



Black Hole Perturbation Toolkit
Open tools for black hole perturbation theory

[bhptoolkit.org]



Some review articles

‚ Leor Barack
Gravitational self-force in extreme mass-ratio inspirals
Class. Quantum Grav. 26, 213001 (2009)

‚ Eric Poisson, Adam Pound & Ian Vega
The motion of point particles in curved spacetimes
Living Rev. Relativ. 14, 7 (2011)

‚ Abraham I. Harte
Motion in classical field theories and the foundations of the SF problem
Fund. Theor. Phys. 179, 327 (2015)

‚ Leor Barack & Adam Pound
Self-force and radiation reaction in general relativity
Rep. Prog. Phys. 82, 016904 (2019)

‚ Adam Pound & Barry Wardell
Black hole perturbation theory and gravitational self-force
In: Handbook of Gravitational Wave Astronomy, Springer (2021)

‚ LISA Consortium Waveform Working Group
Waveform modelling for the Laser Interferometer Space Antenna
Living Rev. Relativ. 28, 9 (2025)



Additional Material



Comparisons to numerical relativity

Relativistic orbital dynamics

‚ Periastron advance [Le Tiec et al., PRL 2011; PRD 2013]

‚ Binding energy [Le Tiec, Buonanno & Barausse, PRL 2012]

‚ Surface gravity [Zimmerman, Lewis & Pfeiffer, PRL 2016]

[Le Tiec & Grandclément, CQG 2018]

Gravitational-wave emission

‚ Recoil velocity [Nagar, PRD 2013]

‚ Head-on waveform [Sperhake et al., PRD 2011]

‚ Inspiral energy flux [Warburton et al., PRL 2021]

‚ Inspiral waveform [Ramos-Buades et al., PRD 2022]

[Islam & Khanna, PRD 2023]



Why does BHPT perform so well?

‚ In perturbation theory, one traditionally expands as

f pΩ;mi q “

kmax
ÿ

k“0

akpm2Ωq ϵk where ϵ ” m1{m2 P r0, 1s

‚ However, most physically interesting relationships f pΩ;mi q are
symmetric under exchange m1 è m2

‚ Hence, a better-motivated expansion is

f pΩ;mi q “

kmax
ÿ

k“0

bkpmΩq νk where ν ” m1m2{m2 P r0, 1{4s

‚ In a PN expansion, we have bn “ O
`

1{c2n
˘

“ nPN ` ¨ ¨ ¨

[Le Tiec, IJMPD 2014]
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