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Newtonian theory of Love numbers
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Tidal dissipation: lag, heating and torquing

Qap(t) = —ngRS [Eab(t) — Tgab(t) 4 .. ]
- _§sz5 [Eap(t —7) +---]



Internal structure of neutron stars

Outer crust: N,e

4 x101"g cm3

10 km

105g cm3

GW observations as probes of neutron star internal structure



Gravitational-wave observations

[Chatziioannou, GRG 2020]
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Gravitational-wave observations

[Chatziioannou, GRG 2020]
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Do black holes have hair?

Geodesy Botromeladesy

. _ -\l
My, arbitrary Mo + iS¢ = M(ia)



Do black holes tidally deform?

Related to Ashtekar's gravitational-wave tomography research program
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Relativistic theory of Love numbers

Electric-type and magnetic-type tidal moments:

STF STF
&L x [COaloag;agv--ag] and B; x [Ealbc CaQObc;ag---ag]

Metric and Geroch-Hansen multipole moments:

. ; . My = My + M
gOé,B = gaﬁ + hgdﬁal + h(j;P — { SL _ § t +(55 ‘
N~~~ ~—~ L=95.+ L

~rl (et
Two families of tidal deformability parameters:
M= X\E and S, = \["¢B,
Dimensionless tidal Love numbers:

kel/mag _ (2( — 1)“ )\:Vmag
‘ 20 —2) R+l




Love numbers of neutron stars
[Binnington & Poisson, PRD 2009]
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Magnetic Love number
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Love numbers of neutron stars
[Binnington & Poisson, PRD 2009]
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Love numbers of neutron stars
[Damour & Nagar, PRD 2009]




Love numbers of spinning compact objects

® The spin breaks the spherical symmetry of the background
o No proportionality between (§M;,dS,) and (&, B;)
o Degeneracy of the azimuthal number m lifted
o Parity mixing and mode couplings allowed
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Love numbers of spinning compact objects

® The spin breaks the spherical symmetry of the background

o No proportionality between (§M;,dS,) and (&, B;)
o Degeneracy of the azimuthal number m lifted
o Parity mixing and mode couplings allowed

® Metric and Geroch-Hansen multipole moments

8op = Bapthiy + Ny — { Mem = Mem + 0 M
v v Sfm = Sém + 55(m

~rt Nr_(z+1)

® Four families of tidal deformability parameters
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Love numbers of spinning neutron stars
[Pani, Gualtieri & Ferrari, PRD 2015]

43

0.10 0.15 0.20 0.25
M/R M/R

Restricted to an axisymmetric tidal perturbation (m = 0)
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Do black holes have zero Love numbers?

Reference Background Tidal field
[Binnington & Poisson 2009]  Schwarzschild weak, generic ¢
[Damour & Nagar 2009] Schwarzschild weak, generic ¢
[Kol & Smolkin 2012] Schwarzschild weak, electric-type
[Chakrabarti et al. 2013] Schwarzschild  weak, electric, £ =2
[Giirlebeck 2015] Schwarzschild  strong, axisymmetric
[Landry & Poisson 2015] Kerr to O(S) weak, quadrupolar
[Pani et al. 2015] Kerr to O(S2)  weak, (£, m) = (2,0)
[Le Tiec & Casals 2021] Exact Kerr weak, generic £
[Chia 2021] Exact Kerr weak, generic ¢
[Goldberger et al. 2021] Exact Kerr weak, generic ¢
[Charalambous et al. 2021] Exact Kerr weak, generic ¢
[Hui 2021] Schwar-(A)dS weak, generic ¢

Problem of fine-tuning from an Effective-Field-Theory perspective?



Investigating Kerr's Love

(gfmy Bfm)
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Metric reconstruction through the Hertz potential W



Perturbed Weyl scalar

® Recall that in the Newtonian limit we established

lim 8™ oc Epm r' 2 [1+ 2kem (R/1)* ] 2Yium(0, #)

Cc—00

® For a Kerr black hole the perturbed Weyl scalar reads
$6" < [Etm + 725 Bim] Rem(r) 2Yem(0, ¢)

® Asymptotic behavior of general solution of static radial
Teukolsky equation:

Rim(r)=r"2 (L4 ) +kemr "2 (1+-)
N— N—

; : tidal ; resp
tidal field R} linear response R,



Why analytic continuation?

Rim(r)=r"2(Q+-) 4+kmr 21 +--)
| ——— | —

: : tidal i resp
tidal field RS linear response R, -

Ambiguity in the linear response [Fang & Lovelace 2005; Gralla 2018]

The decaying solution lere;p is affected by a radial coord. transfo.

Ambiguity in the tidal field [Pani, Gualtieri, Maselli & Ferrari 2015]

The growing solution Rfid2! + o R)**P still qualifies as a tidal solution



Kerr black hole linear response

Rim(r) = RESA(r) + 2kem RYEP(r)
N’ N—_——
~rt—2 ~r—(£+3)

® The coefficients kg, can be interpreted as the Newtonian
Love numbers of a Kerr black hole and read

. (+2)
Kim = —IMX v s (2€+1 0 H +mX]

® The linear response vanishes identically when:

o the black hole spin vanishes (y = 0)
o the tidal field is axisymmetric (m = 0)

® Reconstruct the Kerr black hole response h(rf;p via Wresp



Love numbers of a Kerr black hole

® We compute the Love numbers to linear order in x = S/M?



Love numbers of a Kerr black hole

® We compute the Love numbers to linear order in x = S/M?
® The modes of the mass/current quadrupole moments are
imy imy
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Love numbers of a Kerr black hole

® We compute the Love numbers to linear order in x = S/M?
® The modes of the mass/current quadrupole moments are

X 2M)S & and  8Som = —oX (2M)5 Bop

180

180

® The black hole tidal bulge is rotated by 45° with respect to
the quadrupolar tidal perturbation

5M2m =



Love numbers of a Kerr black hole

We compute the Love numbers to linear order in x = S/M?
The modes of the mass/current quadrupole moments are

= ImX oy BRIV

The black hole tidal bulge is rotated by 45° with respect to
the quadrupolar tidal perturbation
The associated dimensionless tidal Love numbers are

ME SB - ’mX 55 .



Love numbers of a Kerr black hole

We compute the Love numbers to linear order in x = S/M?
The modes of the mass/current quadrupole moments are

= ImX oy BRIV

The black hole tidal bulge is rotated by 45° with respect to
the quadrupolar tidal perturbation

The associated dimensionless tidal Love numbers are

ME SB - ’mX 55 .

For a dimensionless black hole spin x = 0.1 this gives

|ko, 42| 2 x 107> —  black holes are “rigid”



Love tensor of a Kerr black hole

® For a nonspinning compact body we have the proportionality
relations

OMap = N'Ep and  3S.p = \J2EB,,

® For a spinning black hole we have the more general tensorial
relations

5Mab = /\abcdgcd and 5Sab = )\abchcd

® To linear order in the black hole spin vector S we find

. 16
5Mab = ? M3 SC(": (agb)cd

0Sap ; — M3 s<pd (a€b)cd



Newtonian static quadrupolar tide
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Tidal torquing of a spinning black hole

[Thorne & Hartle 1980; Poisson 2004]

Sa

(gaba Bab)
M

® An arbitrary spinning body interacting with a tidal
environment suffers a tidal torquing:

(5%) = —®(Mpa&% + SpalB?)

® Applied to a spinning black hole this yields

(3) = — g2 MPX {1 + B1) — 3(62 + o)



Summary

Love numbers of Kerr black holes do not vanish in general

We computed in closed-form the leading (quadrupolar) Love
numbers to linear order in the black hole spin

Kerr black holes deform like any other self-gravitating body,
despite being particularly “rigid” compact objects

This is closely related to the phenomenon of tidal torquing

New black hole test of the Kerr-like nature of the massive
compact objects at the center of galaxies?

Spinning black holes fall in Love!
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